We consider the special case that the dark matter (DM) candidate is not detected in directdetection programs when the experimental sensitivity reaches the neutrino flux background. In such circumstance the DM searches at the colliders impose constraints on the DM relic abundance if the DM candidate is a WIMPs type. Specifically, we consider the triplet (quintet and septet) DMs in the framework of minimal DM model and explore the potential of discovering the DM candidate in the mono-jet, mono-photon and vector boson fusion channels at the Large Hadron Collider and future 100 TeV hadron collider. If the DM candidate in such a scenario is discovered at the LHC, then additional DM candidates are needed to explain the observed relic abundance. On the other hand, null results in those DM searching programs at the colliders give rise to lower limits of DM relic abundance.
I. INTRODUCTION
The existence of dark matter (DM) is supported by strong evidences including the galaxy rotation curves [1] [2] [3] [4] , the mass distribution of the merging bullet cluster [5] , the cosmic microwave background (CMB) [6] and so on. Current cosmological measurements show that the relic abundance of DM is Ω DM h 2 ≈ 0.12, about five times to the visible matter [6, 7] . It is known that none of the standard model (SM) particles could serve as a DM candidate [7] [8] [9] . Among the various new physics (NP) models proposed to explain the particle origin of DM, the class of weakly interacting massive particles (WIMPs) is an attractive and extensively studied scenario. In such a DM paradigm, the DM particles decouple from the thermal plasma of the early Universe at a temperature T F ∼ M DM /20 (M DM denotes the mass of DM particles), yielding a relic abundance [8] [9] [10] Ω DM h 2 ∼ 0.1 pb · c σv ann = 0.1 × 3 × 10 −26 cm 3 /s σv ann ,
where σv ann denotes the thermal average of the DM annihilation cross section times relative velocity and c is the speed of light. Given the fact that DM particles are non-relativistic when they decouple, σv could be expanded in powers of v 2 as [8] [9] [10] 
Taking σv ann ∼ α and SM particles, we obtain the following estimation
Therefore, if α DM and M DM are of the order of electroweak (EW) coupling and EW scale respectively, we obtain the correct DM relic density. This is called the "WIMP miracle", which gives one of the strongest motivations to the WIMPs scenario. More importantly, the WIMPs scenario can be tested from underground direct detection, indirect detection through cosmic rays and collider searches. A global analysis of all kinds of DM searching experiments would help to probe the WIMPs; see the WIMPs miracle triangle loop in Fig. 1(a) . If the DM candidate is indeed a WIMP, it may be probed by the elastic coherent scattering 1 on the nucleus (the "direct detection") [12] [13] [14] [15] or the annihilation to SM particle pairs in the space (the "indirect detection") [16] [17] [18] [19] [20] . However, even though the direct detection measurement is becoming more and more accurate and will achieve the irreducible neutrino background in a few years [21] , we still have not detected any unquestioned significant signal above the expected backgrounds so far.
This null result implies that DM particles may have only tiny interaction with the nucleus, or the detectors are located in a trough of the galactic DM distribution. On the other hand, indirect detection experiments, such as PAMELA and AMS-02, report an "excess" of positron fraction φ(e + )/(φ(e + ) + φ(e − )) [16, 18, 19] and positron flux [17, 20] in cosmic-ray measurement near the earth, which could be explained by 1 Note that the coherent enhancement of the elastic scattering cross section is an assumption generally made in the direct detection experiments of DM. Recently, the COHERENT collaboration has observed the elastic neutrino-nucleus coherent scattering which rationalizes the assumption made for DM direct detection to some extent [11] . different DM models [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] , but also may be explained by other astrophysical sources such as pulsars [32] [33] [34] [35] , or even due to some cosmic-ray propagation effects [36] . As a result, the collider search may provide a complementary way to investigate the nature of DM.
On the other hand, if the DM candidate is blind to the direct detection experiment, then the WIMPs miracle triangle loop is broken and we can rely only on the interplay between the collider searches and cosmological experiments (relic abundance or the indirect detection). In such a circumstance the direct detection would play a role of DM model killer; see Fig. 1 (b) . In this study we focus on the correlation between the collider search and the relic abundance of DM and demonstrate that it is a no-lose game for searching the DM in the mono-jet channel, the mono-photon channel and the vector-bosonfusion channel; either positive or negative results would shed lights on the DM relic abundance.
For a given DM model, we could explore the cross section of SM pair generating DM pair at the protonproton collider, denoted as σ pp . In general, the σ pp correlates with σ ann shown in Eq. (1) , despite the fact that the correlation is diluted by some other factors, such as QCD radiative corrections in hadron collisions [37] and co-annihilation mechanism in the early Universe [38] , etc. As the relic abundance Ω DM h 2 is approximately inversely proportional to σv ann , we are able to transform the collider search constraints to lower limits of DM relic abundance. In this paper, we take the minimal dark matter (MDM) model as an example to demonstrate our approach but we advocate that similar study should be generalized to other WIMP models.
The rest of paper is organized as follows. In Sec. II we briefly introduce the MDM model. In Sec. III we discuss the collider search phenomenology and its implications on the DM relic abundance. Finally, we summarize in Sec. IV.
II. THE MDM MODEL
In the MDM model, the dark sector consists of an SU (2) L multiplet with the neutral component being the DM candidate, and no other ingredient is included, which is the meaning of "minimal". As a result, given the spin of the dark sector, the only two NP parameters are the weak isospin j and the DM mass M χ . Such a scenario is first proposed by Ref. [39] , in which the scalar and fermionic MDM models are studied. There have been many studies about the direct and indirect detection signals of MDM, see Refs. [40] and [41] for the cases of quintet MDM and Dirac fermionic MDM, respectively. Relevant collider studies are also performed for wino-and Higgsino-like MDM in Refs. [42, 43] at current and future hadron colliders.
In this work we focus on the general fermionic MDM models. In this section we briefly introduce the Lagrangian of Dirac and Majorana fermionic MDM, while the details are discussed in Appendix A.
The Dirac MDM with weak isospin j 1 is represented by a multiplet
where χ m 's are Dirac fermions with the third weak isospin component T 3 = m. The relevant Lagrangian could be written as
where
is the gauge covariant derivative with g and g being couplings for SU (2) L and U (1) Y gauge groups, and T i (i = 1, 2, 3) are matrix representations of the three generators of the SU (2) L group. To satisfy the stringent constraint on the spin-independent direct-detection cross section (σ SI ) [12] [13] [14] [15] , we set Y χ = 0 to forbid the DM candidate's interaction with Z boson at tree level 2 . Consequently, due to the Gell-Mann-Nishijima relation Q = T 3 + Y χ , j must be an integer to provide an electric neutral component for χ. Expanding Eq. (4) in components we have
where Q m ≡ m is the electric charge of field χ m , and s W and c W are the sine and cosine of the Weinberg angle. The dark particles' masses are degenerate at the tree-level, but electroweak loop corrections break the mass degeneracy and induce a mass split δM
The one-loop calculation shows that [39] 
thus the neutral component χ 0 is the lightest one in the dark sector and serves as the DM candidate. The charged component could decay to lighter components plus pions or leptons; for example, for the quintet Majorana fermionic MDM, the charged component with a mass of 4.4 TeV has a 97.7% branching ratio to π ± and a lifetime of 1.8 cm [39] . The neutral component could experience the elastic scattering with the nucleus via loop diagrams [39] , which are suppressed enough to survive under the current direct detection bounds.
For the Majorana case, we first use the 2-component Weyl spinor with weak isospin j
and write down the Lagrangian as
where the (2j +1)×(2j +1) matrix U satisfies L † U L = U with L being the group element of SU (2) L . In this case, Y ξ = 0 is also required by the U (1) Y invariance of the mass term. Translating into 4-component language we have one neutral Majorana DM candidate χ 0 , and 2j charged Dirac fermions χ m andχ m with m = 1, 2, · · · , j, and the Lagrangian is written as
As in the Dirac case, the electroweak quantum corrections spoil the degeneracy of the masses, making the neutral component as the lightest one. For both Dirac and Majorana cases, when j = 1, χ is an SU (2) L triplet, soχ · φE L as an SM singlet can enter into the Lagrangian, where φ is the Higgs boson field, and E L stands for the left-handed lepton field. As a result, we have to introduce an extra Z 2 symmetry for the stability of DM candidate χ 0 , or assume χ does not carry lepton number as Ref. [42] shows. While when j ≥ 2, χ 0 is automatically stable because decay modes consistent with renormalizability do not exist [39] , therefore no other symmetry is needed.
The spin independent interaction rate of the DM with nuclei is suppressed in the MDM models, as it is generated only at the one-loop order [46] [47] [48] [49] [50] [51] . It is shown that for a triplet state, the spin-independent cross section with nucleons is only mildly sensitive on the DM mass and is around 10 −47 ∼ 10 −49 cm 2 . It is dangerously close to the "WIMP discovery limit" imposed by the neutrino background, and the prospects for detection via the spin-independent direct detection are dim [42] and need constructing of larger and ultra-low noise detectors.
III. COLLIDER PHENOMENOLOGY
In this section we explore the discovery potential of MDM in proton-proton (pp) collisions. We first give an overview of our methods and then present our simulation results of various searching channels of DM at the 13 TeV Large Hadron Collider (LHC) and a 100 TeV pp collider [52] [53] [54] [55] . Unless otherwise specified, we consider an integrated luminosity (L) of 3 ab −1 at the LHC (named as HL-LHC) and an integrated luminosity of 30 ab −1 at the 100 TeV collider. The connection of collider constraints and relic abundances will be built within the MDM models in the end.
A. Overview
A highly degeneration among the DM candidate and its weak partners are understood in this work. The dominant production channel of MDM in pp collisions is through the so-called Drell-Yan process, in which a pair of dark sector particles are produced by mediating an EW gauge boson W/Z/γ. Unfortunately, due to the smallness of the mass splittings among dark particles in the MDM models, those processes result in both invisible particles (the DM candidates) and very soft (∼ 100 MeV) visible particles (pions or leptons) in the final state. That is very hard to detect at high energy pp colliders using the conventional detection technique. Recently a few novel strategies are proposed to search for those longlived charged particles, e.g. the disappearing tracks [42, 43, 56, 57] . Charged tracks of about 20 cm length could be detected after the Run-II upgrade of the ATLAS detector [43, 58] . We do not consider the detection of those long-lived charged particles in this work. Rather, we focus on the traditional searching strategies, i.e. the so-called mono-X channel [42, 43, 56, [59] [60] [61] [62] [63] . In those channels the dark particles appear as large missing transverse energy (/ E T ) in the detector, and they are produced in association with a detectable X object, e.g. hard jet, W/Z/γ or Higgs, etc. Another powerful approach is the vector boson fusion (VBF) channel [64] [65] [66] , which has two energetic forward-backward jets and large / E T in the final state. Obviously, the searches using the mono-X signature and the long-lived charged particle will compliment one another.
From the viewpoint of collider phenomenology, the experimental sensitivity of the MDM models increases with the weak isospin of dark particles; the larger representation the dark particles exhibit, the larger coupling strengths and larger numbers of production channels. But from the viewpoint of cosmology, too many components of MDM would result in a large co-annihilation cross section in the early Universe, which will dramatically reduce the DM relic abundance. Therefore, we focus our attention to the weak isospin j = 1, 2, 3 representations in the MDM models for both Dirac and Majorana fermions. We name them as "D1" model for a Dirac DM with j = 1, "M1" model for a Majorana DM with j = 1, and so on.
To perform the collider phenomenology studies, we write the models described by Eq. (6) and Eq. (9) in UFO files [67] by use of FeynRules 2.0 [68] . For simplicity the mass splittings between dark particles are fixed to 200 MeV. The collider searching in the mono-X signature is not affected by such a tiny mass split. Both signal and background events are generated using MadGraph5 aMC@NLO [69] at leading order with the NN23LO1 [70] parton distribution functions (PDFs) at parton level, and then interfaced to Pythia 6.4 [71] and Delphes 3 [72] for parton shower and fast detector simulation. We follow the the ATLAS [73, 74] and CMS [75] [76] [77] collaborations to perform detailed simulations at the HL-LHC and 100 TeV collider. We find that the different strategies used by the ATLAS and CMS collaborations yield quite similar results in the end. For clarity and simplicity, we present the simulation result using the strategy of CMS collaboration throughout this paper.
B. DM search in the Mono-jet channel
Collider simulation
We start with the mono-jet channel, which includes the production of a pair of MDM particles and an energetic light-flavor jet from the initial state radiation (ISR) of the parton. See Fig. 2 for illustration, where χ 0 denotes the DM candidate and χ 1 represents other dark particles. We include all the production channels of mono-parton plus a pair of dark particles in this study. Such processes have been well studied in the literature, both theoretically [42, 43, 56, [59] [60] [61] [62] [63] and experimentally [73, 75, 78, 79] . The [75] and are ignored in our study.
In order to avoid the soft/collinear divergence from the QCD radiation when generating events at parton level, we demand all the light-flavor quarks or gluons from the ISR must exhibit a transverse momentum (p T ) larger than 10 GeV and appear in the central rapidity (η) region, say |η| < 5. At the hadron level, to suppress the background events, we require at least one hard lightflavor jet in the central region of detector and also a significant missing transverse momentum (/ E T ) at both the 13 TeV LHC and 100 TeV pp colliders, i.e.
where p
Lj
T and η Lj denotes the transverse momentum and rapidity of the leading jet (L j ). In addition, a separation between the hard jet and missing energy in the azimuthal plane is required to satisfy ∆φ( p Lj T , / p T ) > 0.5 radians. The CMS study shows that the QCD radiation effects can easily generate more than one jet in the signal and background events. In order to suppress those QCD radiation effect, the CMS collaboration further requires that ∆φ( p j T , / p T ) > 0.5 radians for those addition jets which exhibit a transverse momentum harder than 30 GeV.
We name all the above cuts as "selection cut" and display the numbers of signal of signal events (n s ) and background events (n b ) passing the cut in Table I . Note that we sum all the production channels of dark particles in the signal events and do not distinguish each individual channel. For illustration we choose m χ0 = 500 GeV as the benchmark mass at the 13 TeV LHC and m χ0 = 1000 GeV at the 100 TeV collider, both with an integrated luminosity (L) of 100 fb −1 . For a given weak isospin of MDM, the production rate of Dirac DM exactly doubles the rate of Majorana DM after applying the generator cut, i.e.
It is owing to the fact that the kinematics of the signal events is controlled solely by the DM mass rather than their fermionic feature, either of Dirac or Majorana type. Also, the ratios of production rates in the MDM models are
at both the 13 TeV LHC and the 100 TeV collider after the generator and veto cuts. See the second row and the seventh row in Table I . The quintet and septet MDMs, which have larger strength of weak couplings and more production channels than the triplet MDM, exhibit a larger production rate and are easy to probe at hadron colliders. The SM background processes often consist of charged leptons and heavy flavor (b) jets. Following the CMS collaboration [75] we apply a set of veto cuts to remove those charged leptons, photons and b-jets in the reducible backgrounds. The veto cuts are listed as follows:
p e T > 10 GeV, |η e | < 2.5,
To expedite the MC simulation, we demand the Z boson in the Z + jets background decays into a pair of neutrinos rather than charged leptons when generating the background events in MadGraph5 aMC@NLO. Hence, the veto cuts slightly reduce the rate of Z + jets background. On the other hand, the W ± boson in the W ± + jets background is required to decay leptonically, i.e. W ± → ± ν ( = e, µ, τ ), which yields a charged lepton and a neutrino in the final state. At the LHC the W ± boson is boosted such that the charged lepton from its decay often populates in the forward region to escape the veto cut. As a result, after the veto cuts the rate of W ± + jets background is reduced by a factor of about 2. See the third row and twelfth row of Table I . Our simulation results of the Z + jets and the W ± + jets backgrounds are in a good agreement with those given by the CMS collaboration [75] at the √ s = 13 TeV LHC with an integrated luminosity of 35.9 fb −1 . After the selection and veto cuts, the background is much larger than the signal; see the third row in Table I . In order to suppress the huge background, we impose strong cuts on the leading jet and / E T , named as "optimal cuts". For the analysis of 13 TeV LHC we choose the cut thresholds close to those used by the CMS collaboration [75] and further vary the / E T cut to optimize the signal. The following three scenarios of optimal cuts are used in our analysis
While at the 100 TeV collider we choose a much harder cut on the leading jet to suppress the enormous QCD backgrounds, e.g.
We consider all the three cuts on / E T in our study and choose the best one for discovery or exclusion for each DM mass in a specific MDM model. Table I displays the numbers of signal and background events after imposing the optimal cuts and the corresponding statistical significance S(≡ n s / √ n b ) at the two colliders with an integrated luminosity of 100 fb −1 . Here, we assume the signal and background events obeying the Gaussian statistics such that results of other luminosities can be easily obtained by rescaling those numbers shown in the table. Note that we use a more proper Possion statistics when estimating the discovery and exclusion potential of the HL-LHC and 100 TeV collider. We notice that the optimal cuts reduce the SM background significantly; for example, the background events are suppressed by a factor of 4 × 10 −4 (10 −5 , 2 × 10 −6 ) after the cut-1 (cut-2, cut-3), respectively, at the 13 TeV LHC. On the other hand, the signal events are reduced by a factor of 0.06 (0.01, 0.004), respectively. That increases the signal-to-background ratio greatly. The hardest cut on / E T in the optimal cuts yields the best of discovery significance but inevitably leads to fewer numbers of events. Figure 3 plots the production cross section of the signal event as a function of the DM mass m χ0 after the cut-2 at the 13 TeV (a) and the cut-III at the 100 TeV collider (b). The ratios of production rates in the MDM models remain almost the same as those in Eqs. (11) and (12) for all the three hard cuts, e.g. TABLE I. The number of signal and background events at the 13 TeV LHC with mχ 0 = 500 GeV (top) and 100 TeV collider with mχ 0 = 1000 GeV (bottom) with an integrated luminosity of 100 fb −1 . The statistical significance (S) of each individual scenario is also shown. Three cut scenarios are examined to optimize the significance of signal events; see Eqs. (14) and (15 Equipped with the optimal cuts shown above, we estimate the region of m χ0 to claim a 5 standard deviations (σ) statistical significance using
for a given integrated luminosity L. In the case that no evidence of the DM candidate is observed, one can set a 2σ exclusion limit on m χ0 from
For each individual optimal cut we first obtain the 2σ exclusion limit on n s from the number of background event n b and then derive the corresponding bound on the cross sections of the signal from n s /L. For example, the horizontal green curves in Fig. 3 represent the 2σ exclusion bounds on σ s for the benchmark L at the two colliders. The lower limits of m χ0 follow from the intersection points between the σ s and exclusion bound curves. Table II shows the exclusion limits on m χ0 at the 95% confidence level for various optimal cuts at the HL-LHC with L = 3 ab −1 (top panel) and at the 100 TeV collider with L = 30 ab −1 (bottom panel). The last row of each panel displays the best exclusion limit for each MDM model. It shows that, at the 13 TeV LHC, the cut-1 scenario works the best for the M1 model, the cut-2 yields the best exclusion limits for the D1, D2, M2 and M3 models, and the cut-3 works the best for the D3 model. On the other hand, the cut-3 (the hardest cut) is the best choice for all the MDM models at the 100 TeV collider. Note that the exclusion limit of m χ0 increases with the quantum number of dark particles under the SU (2) L group, owing to the large production rate. For example, the limit of the D3 model is nearly twice bigger than that of the D1 model. Both the Dirac and Majorana type DM candidates, when they share equal weak quantum numbers, yield comparable bounds.
Note that the current 13 TeV LHC searches impose a lower bound of 460 GeV for the DM candidate in the D1 model at the 95% C.L. [80] based on the disappearing-track signature and an integrated luminosity of 36.1 fb −1 . The bound is slightly weaker than our result m χ0 544 GeV (assuming an integrated luminosity of 3 ab −1 ). We expect that collecting more data sample the disappearing-track signature would give a much stronger bound than the mono-jet channel.
Our results are compatible with Refs. [42, 43] , which explore the collider phenomenology of wino-like DM that corresponds to our M1 case. For example, Ref. [43] presents the exclusion limits of 280 (900) GeV for a wino-like DM candidate at the 14 TeV HL-LHC with L = 3 ab −1 and 2 (6.5) TeV at the 100 TeV collider with L = 30 ab −1 , using the mono-jet (disappearing charged tracks) search, respectively. Here in our study, we exclude the triplet Majorana MDM up to ∼ 400 GeV at the 13 TeV 3 ab −1 LHC, and ∼ 2 TeV at the 100 TeV 30 ab −1 pp collider using the mono-jet search. While the disappearing tracks approach performs better, it is complicated for the estimation of the SM backgrounds at future colliders [42, 43] , therefore, the traditional method is easy to implement and also provide a crosscheck of the novel method.
Limiting relic abundance from colliders
Now we connect the collider searches with the relic abundance in the early Universe in the MDM model.
Once the weak quantum number of DM particles is given, there is only one parameter in the MDM model, i.e. the DM mass m χ0 . The relic abundance is inversely proportional to the DM annihilation or co-annihilation cross sections which, from dimension analysis, can be quantitively written as
where X and Y denotes the SM particles whose mass effects are ignored here. The relic abundance can be approximately given by
i.e. the relic abundance is proportional to the DM mass square. After knowing the exclusion limit of m χ0 given by the collider searches, say m χ0 M min χ , we calculate the lower bound on the relic abundance of DM as
Define m C χ as the critical DM mass that generates the observed relic abundance (Ωh
where m 
We further define the fraction of the DM relic abundance predicted by the exclusion limit of the mono-jet search inside the observed relic abundance as
i.e. the quota of DM inside the observed relic abundance Ωh 2 DM ( 0.1). Note that the DM mass (m c χ ) yielding the observed relic abundance is fixed in a specific MDM model, therefore, the fraction defined above could tell us whether or not the MDM is adequate to explain the relic abundance. For example, if F < 1, then the MDM cannot explain the relic abundance and extra candidate of DM is needed to compensate the deficit; if F > 1, then the MDM overproduces the relic abundance and additional annihilation mechanics is needed to reduce the amount of DM.
We calculate the relic abundance for different DM masses in the MDM models using micrOMEGAs [81] and then plot the fraction F curves as a function of m χ0 in Fig. 4 : the solid curves denote the Dirac type DM while the dashed curves the Majorana DM. The red (D1 and M1), blue (D2 and M2), and black (D3 and M3) curve denotes the triplet, quintet and septet DM, respectively. The horizontal minbars represent the collider constraints and the intersections of the minbars and the relic abundance curves mark the lower bounds of m χ0 obtained from our simulation. The region of the fraction F above the minibar is allowed. From the 2σ exclusion bounds on m χ0 shown in Table II 
Obviously, there is a significant promotion for the relic abundance constraints between HL-LHC and the 100 TeV collider. The Dirac type DMs have better constraints than the Majorana DMs, due to the larger number of degrees of freedom in the spinor space. At the future 100 TeV collider, the MDM model that yields F > 100%, such as D1, D2, D3 and M1, is excluded at the 95% C.L. if we assume χ is the only source of DM.
The relic abundance curves shown in Fig. 4 can be understood as follows. Given the fact that DM particles are non-relativistic when they decouple from the thermal bath, the DM annihilation cross section σv is well approximated by a non-relativistic expansion (obtained by replacing the square of the energy in the center of mass frame by s = 4M
where T F being the freeze-out temperature. As the DM of interest to us is very heavy, we can treat the SM particles as massless in the calculation of DM annihilation and co-annihilation processes. That yields quite simple expressions of the a and b terms for each annihilation process as shown in Table III . For simplicity we do not distinguish the annihilation and co-annihilation channels and sum them up as a single subcategory if they contribute to the same final state. We also show the branching ratio of each subcategories in the total annihilation channels. After summing all the annihilation and co-annihilation channels, we obtain the coefficients a and b of all the channels as follows:
It is obvious that, in each MDM model, the b-term is much smaller than the a-term and its contribution is further suppressed by the factor T F /M χ ∼ 1/20. Therefore, we can safely ignore the b-term in the discussion of those relic abundance curves.
We can see that, for each model, a and b, as well as σv , are proportional to M −2 χ , so the relic abundance Ω χ h 2 is proportional to M 2 χ , which explains the linear behavior of F-M χ relationship in Fig. 4 . Note that the y-axis is in lograthemic scale. Furthermore, for both the Dirac and Majorana DMs, when M χ is fixed, the bigger j is, the larger σv we get, because the number of degrees of freedom and co-annihilation channels increase with weak isospin j, which accounts for the orders of the red, blue and black solid(dashed) lines in Fig. 4 .
It is well known that the relic abundance is inversely proportional to the DM annihilation cross section. For a fixed weak isospin j, the the annihilation cross sections of the Dirac DMs are twice as many as those of Majorana DMs, therefore one naively expects to see smaller relic abundance of Dirac DMs. However, an opposite order is depicted in Fig. 4 , e.g. the D1 (D2, D3) model exhibits larger relic abundances than the M1 (M2, M3) model, respectively. That is owing to the treatment of DM density as explained in Ref. [82] . For the Boltzmann equationṅ
in the calculation of thermal relic, there is a factor of 1/2 in front of σv for the Dirac case, and no extra factor for the Majorana case, which causes the orders of the Dirac and Majorana DMs shown in Fig. 4 . Following the same strategy, we consider the discovery potential of the MDM models at the both colliders. Figure 5 displays the fraction F as a function of m χ0 with horizontal minibars labelling the upper bounds on the DM mass for claiming a 5σ discovery in the mono-jet channel. At the HL-LHC the DM needs to be very light as follows: D1: m χ0 415 GeV, F 7.3%, D2: m χ0 633 GeV, F 5.1%, D3: m χ0 813 GeV, F 3.4%, M1: m χ0 315 GeV, F 2.1%, M2: m χ0 546 GeV, F 1.9%, M3: m χ0 714 GeV, F 1.3%. Note that the parameter space of the D1 model is ruled out by the ATLAS result obtained in the disappearingtrack signature [80] . If we do observe an excess in the mono-jet channel at the HL-LHC, then we reach the conclusion that none of the six MDM models considered in this work can explain the observed relic abundance and extra DM candidates are needed [83] . 
Of course, the mono-jet channel cannot discriminate the six MDM models, but it could tell whether or not the model can explain the observed relic abundance. C. DM search in the mono-photon channel
Next we consider the mono-photon channel in which a pair of dark particles is produced in association with a hard photon. As depicted in Fig. 6 , the photon can be emitted from the quarks in the initial state, the W ± boson in the intermediate state or the charged dark particles in the final state. The CMS collaboration has performed DM searches in the mono-photon channel at the 8 TeV and 13 TeV LHC [76, 84] . The dominant backgrounds are the Z(→ νν) + γ and W (→ ν) + γ ( = e, µ, τ ) processes. Other contributions, like γ+jets, Z(→ ¯ ) + γ, ttγ, V V γ and di-photon processes, are small and we discard these subdominant backgrounds from our analysis. To suppress the background events, at the 13 TeV (100 TeV) collider, we require the signal events consist of a hard photon in the central region of the detector and a large / E T from those unresolved dark particles in the final state.
We also require the leading photon (the photon with the hardest p T ) and the missing transverse momentum do not overlap in the azimuthal plane: ∆φ( p γ T , / E T ) > 2 radians. In addition, a separation in the azimuthal plane of ∆φ( p j T , / E T ) > 0.5 radians between the missing transverse momentum direction and each of the four highest transverse momentum jets with p j T > 30 GeV and |η j | < 5 is needed. This requirement significantly suppresses spurious backgrounds from mismeasured jets in the QCD multi-jet background [75] . We then veto events that have 400 GeV, / E T 1000 GeV. (33) Similar to the study of the mono-jet channel, we impose the optimal cuts shown above and use the best cut for each individual MDM model to obtain the best discovery or exclusion limit of m χ0 . Table IV shows the exclusion limits of m χ0 obtained from the three scenarios of optimal cuts at the 13 TeV LHC with an integrated luminosity of 3 ab −1 (top panel) and at the 100 TeV collider with L = 30 ab −1 (bottom panel). We pick up the best 2σ lower bounds of m χ0 and translate them into the lower bounds of the fraction F. The results are also depicted in Fig. 7 .
As the production rate of the mono-photon channel is smaller than the rate of the mono-jet channel, weaker bounds on m χ0 and F are obtained from the monophoton channel. At the 100 TeV collider, one can exclude the D1, D2 and D3 MDM models, assuming no extra DM candidates.
Mono-photon 5σ Discovery We also consider the discovery potential of the MDM models at the HL-LHC and the 100 TeV collider (L = 30 ab −1 ). Figure 8 displays the fraction F as a function of m χ0 with horizontal minibars labelling the upper bounds on the DM mass for claiming a 5σ discovery in the monophoton channel. At the HL-LHC the DM needs to be very light as follows: D1: m χ0 249 GeV, F 2.7%, D2: m χ0 551 GeV, F 3.9%, D3: m χ0 804 GeV, F 3.4%, M1: m χ0 180 GeV, F 0.7%, M2: m χ0 450 GeV, F 1.3%, M3: m χ0 689 GeV, F 1.2%.
Taking account of the ATLAS search result in the disappearing-track signature [80] , the discovery parameter space of the D1 model is ruled out and the the discover parameter space of the D2 model is narrowed down to 460 GeV m χ0 551 GeV. The 100 TeV machine with L = 30 ab −1 is able to probe much heavier DMs as follows: D1: m χ0 1435 GeV, F 77.5%, D2: m χ0 3155 GeV, F 110.6%, D3: m χ0 4727 GeV, F 103.8%, M1: m χ0 1015 GeV, F 20.0%, M2: m χ0 2559 GeV, F 36.9%, M3: m χ0 4009 GeV, F 37.6%.
As expected, the performance of the mono-photon channel is worse than that of the mono-jet channel.
Representative Feynman diagrams of VBF processes.
D. DM search in the vector boson fusion channel
Finally, we consider the VBF channel, which results in a collider signature of two hard jets in the forward region with large invariant mass plus a large missing transverse momentum. Figure 9 shows a few representative Feynman diagrams. Notice that some diagrams not properly originating from two vector bosons (such as some QCD processes) also contribute to the signal and background events; see Fig. 9 (c) and (d). Nevertheless we include those non-vector-boson diagrams in our study of the VBF channel. The CMS collaboration has searched such channel at the 8 TeV LHC [77] . The dominant backgrounds are Z(→ νν)+jets and W ± (→ ± ν)+jets ( = e, µ, τ ) processes. Other contributions, like Z(→ + − )+jets, tt, single-top and di-boson processes, can be neglected after imposing cuts to be discussed below.
To suppress the background events, we require exactly two jets with
and further demand hard cuts on the invariant mass of the two jets m jj and / E T . In this study we consider eight scenarios of hard cuts which are summarized as follows. At the 13 TeV LHC, we demand [77] cut-III : m jj 3000 GeV, / E T 400 GeV, cut-IV : m jj 4000 GeV, / E T 400 GeV, cut-V : m jj 5000 GeV, / E T 600 GeV, cut-VI : m jj 6000 GeV, / E T 600 GeV, cut-VII : m jj 7000 GeV, / E T 600 GeV, cut-VIII : m jj 8000 GeV, / E T 600 GeV. (38) In addition, a separation in the azimuthal plane of ∆φ( p j T , / E T ) > 0.5 radians between the missing transverse momentum direction and the sub-leading jet is also required. We also veto the background events with charged leptons, light flavor jets and b-tagged jets as follows:
Table V shows the exclusion limits of m χ0 obtained from the eight scenarios of optimal cuts at the 13 TeV LHC with an integrated luminosity of 3 ab −1 (top panel) and at the 100 TeV collider with L = 30 ab −1 (bottom panel). We pick up the best 2σ lower bounds of m χ0 and translate them into the lower bounds of the fraction F. The results are also depicted in Fig. 10 . The VBF channel turns out to be the weakest one to set relic abundance limits for the MDM models. Figure 11 displays the fraction F as a function of m χ0 with horizontal minibars labelling the upper bounds on the DM mass for claiming a 5σ discovery in the monophoton channel. At the HL-LHC the DM needs to be (bottom). D1  D2  D3  M1  M2  M3  Cut-1  286  530  760  209  452  664  Cut-2  288  546  777  214  471  679  Cut-3  280  548  792  215  477  692  Cut-4  275  546  781  200  461  683  Cut-5  266  523  758  182  439  656  Cut-6  295  583  845  198  508  747  Cut-7  297  588  851  189  510  761  Cut-8  271  565  829  168 M2: m χ0 399 GeV, F 1.0%, M3: m χ0 616 GeV, F 1.0%.
TeV
Taking account of the ATLAS search result in the disappearing-track signature [80] , the discovery parameter space of the D1 model is ruled out and the the discover parameter space of the D2 model is narrowed down to 460 GeV m χ0 476 GeV. 
Again, the VBF channel is the weakest channel to discover the DM in the MDM models.
IV. SUMMARY AND OUTLOOK
Recent DM direct searches place very stringent constraints on the possible DM candidates proposed in extensions of the SM. In this work we consider the special case that the DM candidate escapes the DM directdetection when the experimental sensitivity reaches the irreducible solar neutrino flux background. In such a bad circumstance one has to rely on the collider searches and indirect-detection programs to probe the DM. In this work we consider the minimal dark-matter model [42] and demonstrate that, thanks to the very few parameters in the model, the searching results of DM at the colliders are strongly correlated with the DM relic abundance in the early Universe.
We consider both the Dirac and Majorana fermion DM candidates in the weak triplet (j = 1), quintet (j = 2) and septet (j = 3) representations, named as the D1, D2, D3, M1, M2 and M3 model, respectively. To avoid the DM direct detection, all the DM multiplets exhibit a hypercharge Y = 0. The EW loop corrections generate small mass splittings (about several hundred MeV) among the dark particles in the same weak representation and make the neutral dark particle as the lightest particle so as to be the DM candidate. Three different searching channels, i.e the mono-jet, monophoton and VBF channels, are explored at the 13 TeV LHC with an integrated luminosity of 3 ab −1 (HL-LHC) and at the 100 TeV collider with an integrated luminosity of 30 ab −1 . We follow the searching strategies used by the ATLAS and CMS collaborations [75] [76] [77] and find a good agreement. For simplicity we only present the results of using the CMS strategy in this work. We first obtain the 95% C.L. bounds on the DM mass m χ0 if no excesses are observed in the mono-jet, mono-photon and VBF channels. It is shown that using the disappearing tracks is more sensitive to DM searches than the conventional mono-X method [42, 43] , but both the mono-X and disappearing track methods will provide complementary informations.
The mass constraints derived from the collider searches can be translated into the lower limits of the DM relic abundance. Considering the cosmological observable value Ω DM h 2 ≈ 0.12, we use the fraction F(≡ Ω χ /Ω DM ) to describe the quota of the MDM inside Ω DM . Figure 12 displays the fraction F's derived from the mono-jet channel (blue), the mono-photon channel (orange) and the VBF channel (purple) at the HL-LHC (left) and the 100 TeV collider (right). The colliders are sensitive to the Dirac-type DMs more than to the Majorana DMs. For example, the exclusion fractions of the Dirac DMs is roughly about 2.5 ∼ 3 times larger than those of the Majorana DMs. We also note that the relic abundance constrains at the 30 ab −1 100 TeV collider are about 25 ∼ 30 times larger than those constraints at the HL-LHC, indicating that the future high-energy and high-luminosity hadron colliders have a considerable enhancement to bound the relic abundance for the MDM models. In particular, if we assume one and only one DM candidate, the D1, D2, D3 and M1 models are excluded at the 95% C.L. at the 100 TeV collider as they predict too much DM relic abundance.
In conclusion, the HL-LHC and the future 100 TeV colliders can be used to measure relic abundance of DM, not only for the MDM model, but also for other WIMP models in which the relic abundance and collider searches are highly correlated. The results show that the future high-energy collider could considerably extend the constraints for the MDM relic abundance. The correlation will give us some enlightening connections between particle physics and cosmology.
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Appendix A: The MDM model
In the appendix we briefly introduce the minimal dark matter models used in our analysis.
Dirac MDM model
Let χ = χ j χ j−1 ... χ −j T be an SU (2) L multiplet with weak isospin j. In order to couple with SM gauge bosons, we must have j = 0. Some papers make additional assumptions to the case j = 0, for example, a heavy dark vector boson X µ as a mediator is introduced in [41] . But since this additional assumption is not "minimal", we will not consider it here, i.e., we have j 1, j ∈ Z in this paper. The Lagrangian is then
is the gauge covariant derivative, and T i are matrix representations of the three generators of the SU (2) L group. Working in the representation that T 3 is diagonal, with the indices noted as
the elements of T matrices can be expressed as
where repeated indices do not mean summation. Expanding the generators gives rise to Eq. (6).
Majorana MDM model
The most convenient tool to deal with Majorana field is the 2-component Weyl spinor and dot notation. Consider a multiplet Weyl spinor ξ = ξ j ξ j−1 ... ξ −j T with weak isospin j. To write down a mass term we must set Y ξ = 0, and then the Lagrangian reads as
where U is the CG coefficient matrix
with (−1)
For normalization we choose
Expanding the generator matrices T i , we have
We thus obtain Eq. (9) after defining
Appendix B: Annihilation cross sections of Dirac-type DM
We summarize the cross sections of dark particles annihilating into the SM particles in the MDM models. The non-relativistic expansion coefficients a and b of each annilation channel are also shown. As the DM mass of interest to us is very large, we treat all the SM particles as massless to simplify the analytical expression. We further ignore the tiny mass splittings between dark particles.
Below we only present the processes with zero or positive electric charge in the initial/final state, such as χ 0χ−1 → ν e e + in the Dirac model. The corresponding conjugate process, i.e., χ −1χ0 → e −ν e , is omitted can be easily obtained. We introduce shorthand notations as follows:
and we choose the CKM matrix elements as diagonal for simplicity. Defining β ≡ 4M 2 χ /s, we introduce two terms that often shows up in the formulas:
Next we present the DM annihilation cross section in accord to the SM particles in the final state. The symbol "j" denotes the weak isospin of dark particles, the symbol "m" is the T 3 eigenvalue of the dark particle χ m , and N c = 3 is the color factor of quarks. We further define a few functions as follows: 
Fermion pairs
The annihilation mode of a pair of SM fermions can only occur through the s-channel diagram mediated by the SM gauge bosons, which yields the cross section and coefficients as follows:
• χ mχm−1 → ν + : 
Gauge boson pairs
Now consider the annihilation mode of a pair of gauge bosons which is more complicated than the fermion mode. Most of the processes occur through the t-channel diagram but a few of them can also be through the schannel diagram. We thus separate the cross section expression depending on the topology of the annihilation diagrams.
We first consider those processes occurring only through the t-channel diagram whose cross section and coefficients are presented as follows:
• χ 0χ0 → W + W − :
• χ mχm−2 → W + W + :
g CG = (j + m)(j + m − 1)(j − m + 1)(j − m + 2),
• χ mχm → ZZ : Now consider the processes involving more complicated kinematics:
• χ 0χ−1 (χ 1χ0 ) → γW + :
• χ −1χ−2 (χ 2χ1 ) → γW + :
g CG = (j − 1)(j + 2), j 2,
• χ −2χ−3 (χ 3χ2 ) → γW + :
g CG = (j − 2)(j + 3), j 3,
• χ 0χ−1 (χ 1χ0 ) → ZW + :
g CG = j(j + 1), j 1,
• χ −1χ−2 (χ 2χ1 ) → ZW + :
• χ −2χ−3 (χ 3χ2 ) → ZW + :
g CG = (j − 2)(j + 3), j 2,
Finally, we present the results of the most complicated channel which consists of W + W − boson pairs in the final state. The results read as follows:
• χ jχj → W + W − for j = 1, 2, 3 : We can easily obtain the cross sections and coefficients of the Majorana-type DMs from those of the Dirac-type DMs. The only difference is the numbers of annihilation channels of the Majorana DMs is one half of the numbers of the Dirac DMs. We list out the annihilation channels of Majorana DMs and the corresponding cross sections and coefficients can be read out from those of Dirac DMs given in Sec. B.
